We drive a scalar delay differential system to model the congestion of a wireless access network setting. The Hopf bifurcation of this system is investigated using the control and bifurcation theory; it is proved that there exists a critical value of delay for the stability. When the delay value passes through the critical value, the system loses its stability and a Hopf bifurcation occurs. Furthermore, the direction and stability of the bifurcating periodic solutions are derived by applying the normal form theory and the center manifold theorem. Finally, some examples and numerical simulations are presented to show the feasibility of the theoretical results.
Introduction
Recently, the wireless access network has been wildly applied to various fields, especially to the Internment; therefore, it has received significant attention. The congestion control in wireless access network also plays a crucial role in the success of the wireless network technology.
The congestion and avoidance mechanism is a combination of the end-to-end TCP congestion control mechanism [1, 2] at the end hosts and the queue management mechanism at the routers. Because the congestion control algorithm is a highly complex dynamical model, many researchers have given much study to its dynamics and stability. In [3] [4] [5] , the local stability in congestion control models is studied. In [6] [7] [8] [9] , the existence of Hopf bifurcation is analyzed in congestion control models.
For wired access network, the dynamic of window size is captured by the following equation [10] :
where ( ), ( ) = ( )/ , , and ( ) denote the TCP window size, TCP rate, round trap time at time of flow , and probability of packet mark at time , respectively. However, there are seldom works which discuss the dynamical behaviors of the congestion control model in wireless access network such as stability and Hopf bifurcation. The observation provides us with the motivation to investigate the dynamical behaviors of the congestion control model in wireless access network.
In this paper, we consider the wireless access networks of only one bottleneck router and let TCP flows tracer the router. In the down link communication from the network to the sources, the marking probability is fed back to the sources. During channel fading, the source has failed to receive the marking probability. Therefore, we suppose that the drop probability is . In this case, the source will use the previous packet marking probability to reduce its window size, and also the window size is decreased by one by convention. Thus, we obtaiṅ
= 0. 
Since − 2 11 2 22 < 0, the equation ℎ( , ) = 0 has one positive root. We denote that the positive root is + . Then, (18) has positive real root ( √ + ), where
2 .
(21) 
which combines with (18) and defines the following maps:
According to [18] and the above discussion, we have the following result. 
Theorem 3. Assume that (H1) is satisfied, and then
By the the expression of 11 , 12 , and 11 , we know that they have singularity at = 0. We can not gain the conclusion that the equilibrium ( * , * ) by discussing roots of the characteristic equation ( , 0) = 0. To our knowledge, this case is rarely considered by papers. But we can get the stability of the system (6) when = 0 /2 by discussing the stability of the following auxiliary system:
where
Then, the characteristic equation of the linearized equation (25) is
Definition 4. For simplicity, let
Lemma 5. The equilibrium (0, 0) of system (25) is locally asymptotically stable when = 0.
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Proof. When = 0, (27) becomes
Further, if (H2) 11 + 12 < 0 and 22 11 < 0 is satisfied, all roots of (29) have negative real parts by the Routh-Hurwitz criteria. So, when = 0, the equilibrium point (0,0) of system (25) is locally asymptotically stable. This completes the proof of the lemma. Let = ± 0 , where 0 > 0. Substituting it into (27) and separating the real and imaginary parts, we have 
Since sin 
Since 0 > 0, we can rewrite (32) as 
Denote
Since lim → +∞ ℎ 0 ( ) = +∞ and 3 < 0, (36) has at the least one positive root. We define Δ = 4 27 Without loss of generality, we assume that (36) has three positive roots: 01 , 02 , and 03 . Since = 2 0 and 0 > 0, we have
Thus, we know that Proof. Since 0 ( , ) = 2 − 11 − 12 − − 22 11 − , we obtain
Substituting = , = 0 into (42), by using (30), we can obtain 0 ( ) = − 11 + 22 11 0 cos ( 0 0 ) − 12 cos ( 0 0 )
Similarly, we can get
This completes the proof of the lemma.
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Hence, ± 0 is a simple pair of purely imaginary roots of (27) with = ( ) 0 .
Lemma 8. Let ( ) = ( ) +
( ) be the root of (27) satisfying ( 0 ) = 0, ( 0 ) = 0 ; the following transversality condition holds:
Proof. By equation (27) with respect to and applying the implicit function theorem, we get
Since ( 0 ) = 0 , we obtain
By again using (30), we can obtain
Hence, ( Re( ( ))/ )| = 0 ̸ = 0. This completes the proof of the lemma.
From the above discussion about the system (25), we have the following result. Theorem 9. When < 0 , the equilibrium point of system (25) is locally asymptotically stable.
Further, if
is satisfied, we will get the following lemma.
Lemma 10. The equilibrium point of system (6) is locally asymptotically stable when = 0 /2.
Proof. Since Lemma 5 and hypotheses (H3), the equilibrium point of system (25) is locally asymptotically stable when = 0 /2. When = 0 /2 and = 0 /2, system (9) and system (25) are the same system. So, there are no roots of ( , 0 /2) = 0 ( , 0 /2) = 0 with nonnegative real parts and the equilibrium point of system (6) is locally asymptotically stable when = 0 /2. This completes the proof of the lemma.
According to [18] and the above discussion, we have following the result. 
Direction and Stability of the Hopf Bifurcation
In this section, we will study the direction of Hopf bifurcation and the stability of bifurcating periodic solution of system (6) at = 0 . The approach employed here is the normal form method and center manifold theorem introduced by Hassard [20] . More precisely, we will compute the reduced system on the center manifold with the pair of conjugate complex, purely imaginary solutions of the characteristic equation (11) . By this reduction, we can determine the Hopf bifurcation direction, that is, to answer the question of whether the bifurcation branch of periodic solution exists locally for supercritical bifurcation or subcritical bifurcation. Let = 0 + , ( ) = ( ), ( = 1, 2), ∈ , : → 2 , and : × → 2 , so that system (6) is transformed into 
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Then, is a one parameter family of bounded linear operator
. By the Riesz representation theorem, there exists a function ( , ) of bounded variation for ∈ [−1, 0] such that
In fact, we can choose
where ( ) is Dirac delta function. For
Further, let
and then system (50) is equivalent tȯ
and a bilinear form
where ∈ * = 1 ([0, 1], 2 * ) and 2 * are row vector space. Let = 0; by the discussion in the previous section, we know that ± 0 0 are common eigenvalues of (0) and * (0). We need to compute the eigenvector of (0) and * (0) corresponding to 0 0 and − 0 0 , respectively. Suppose that ( ) and * ( ) are the eigenvector of (0) and * (0) corresponding to 0 0 and − 0 0 , respectively; then, we have
Then, we have the following lemma.
Lemma 12.
Consider 
Based on (53) and (64), we have
For (−1) = (0) − 0 0 , we have
We can choose (0) = (1, ) and get
Similar to the proof of (64)-(68), we can obtain * (0) = (1, 
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On the other hand, since ⟨ , ⟩ = ⟨ * , ⟩, we have
Therefore, ⟨ * , ⟩ = 0. This completes the proof of the lemma.
In the remainder of this section, by using the same notations as in Hassard [20] , we first compute the coordinates to describe the center manifold 0 at = 0, which is a locally invariant, attracting two-dimensional manifold in 0 . Let be the solution of (57) when = 0. Define
and, then on the center manifold 0 , we have
and then and are local coordinates for center manifold 0 in the direction of and * . Note that is real if is real and we only deal with real solutions . It is easy to see thaṫ So, we can get
(77) Since = ( + ) = ( , , ) + + and ( ) = (1, ) 0 0 , we have 
From the definition of (0, ), we have 0 ( , ) = ( 
11 (0)
11 (1) + 1 2
(1)
20 (0))
20 (1))
11 (1)
Since * (0) = (1, * ), we have 
In order to get the expression of 21 , we need to compute 20 ( ) and 11 ( ). Now, we determine the coefficients ( ) in (73). By (72) and (57), we havė
From (73), (74), (83), and (84), we obtain
From (75) 
Hence,
and, by a similar method, we get
where 1 and 2 are both two-dimensional vectors. In the following, we will find out 1 and 2 . From the definition of (0) and (85), we can obtain 
Notice that
Hence, we can obtain
) .
Similarly, we have
Thus, we can get 
From (97), we can obtain 
Based on the above analysis, we can determine 20 ( ) and expressed by the parameters and delay. Thus, we can compute the following quantities:
which determine the quantities of bifurcating periodic solutions in the center manifold at the critical value 0 and we have the following result. 
Numerical Simulation Examples
In this section, we use the formulas obtained in Sections 2 and 3 to verify the existence of the Hopf bifurcation and calculate the Hopf bifurcation value and the direction of the Hopf bifurcation of system (6) with = 1000, = 50, and = 0.001. 
These calculations prove that the system equilibrium ( * , * ) is asymptotically stable when < 0 by computer simulation (see Figures 1, 2 , and 3; = 0.200). When passes through the critical value 0 , ( * , * ) loses its stability and a Hopf bifurcation occurs (see Figures 4, 5 , and 6; = 0.206).
Conclusion
A delayed model of congestion control was analyzed in this paper. Based on our theoretical analysis and numerical simulation, we can find that there exists a critical value for this delay and the whole system is stable when the delay of the system is less than this critical value. By using the time delay as a bifurcation parameter, we have shown that a Hopf bifurcation occurs when this parameter passes through a critical value, which means that the wireless access system will be congested, even collapsed, when the communication delay becomes large.
